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Abstract
Scalinglawsof theemittancegrowth for abeamcrossing

the 6th-ordersystematicspace-charge resonancesand the
random-octupoledriven 4th-orderresonanceareobtained
by numericalmulti-particle simulations. Theselaws can
be importantin settingtheminimumaccelerationrateand
maximumtolerableresonancestrengthfor the designof
non-scalingfixed-fieldalternatinggradientaccelerators.

INTRODUCTION

Recently, fixed-field alternating gradient accelerator
(FFAG) [1] hasbeenconsideredasa favorablecandidate
for proton drivers, becauseit has the merit of constant
guidefield sothattherepetitionratecanbemadeconsider-
ably higherthanconventionalsynchrotrons,evenup to the
kHzs.Thisis especiallytruefor thenon-scalingdesign[2],
wherethe magneticfields arelinear andthe magnetaper-
tureneednotbetoolarge.However, thenon-scalingdesign
hasthedisadvantagethatthebetatrontunesareleft to vary
asthebeamenergy increases.Take for example,thethree
concentricFFAGssuggestedby Ruggiero[3] to replacethe
BrookhavenAGSsoasto reachafinal beampowerof more
than10MW. Althoughthebeamclosedorbit of eachFFAG
hasaradialexcursionof lessthan18cmduringtheacceler-
ationcycle, thebetatrontunesvary from ����� �	��
��� �����������
to ������������� � . As shown in Fig. 1, both the systematic4th
and6th-orderresonances�������! ����"�$# ( % �!%&�'%  	%��(

or ) and #*�+����) is thelatticeperiodicity)arecrossedand
thebeamqualitycanbecomeanimportantissuedepending
on thetune-ramprate.Thelatteris approximatelygivenby, � ��� � � ,  .-0/213�4/657�82931:� ��� � ��;�<>=�?"931 , ?2� ,  @9 , which
is typically -A/2�B�DC�E to /2�B�DCF= , where5G�8 is theratioof
dispersionfunctionto thering’s radiusand

, ?2� ,  is the
energy gainperrevolution.
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Figure 1: (Color) Tune
diagram of Ruggiero’s
proposedFFAGs, show-
ing the crossing of
the systematic 4th and
6th-order resonancesin
a ramp cycle (arrowed
curve).

Recently, Lee et al. pointed out that the crossingof
space-charge driven systematicnonlinearresonancesmay
causesubstantialemittancegrowth [4]. He demonstrateda
simplescalingpropertyfor theemittancegrowth acrossthe
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4th-orderspace-chargeresonance.They show thatrandom-
error driven parametriclinear and nonlinear resonances
mayalsoleadto emittancegrowth dependingon how fast
theseresonancesare crossed. The purposeof this paper
is to continuetheinvestigationof thesystematic6th-order
resonancesaswell astheparametric4th-orderresonances,
hopingto obtaintheminimumresonancecrossingratesso
that emittancegrowth remainstolerable. A detailedac-
countof thiswork is givenin Ref. [5].

THE MODEL
Multi-particle simulationsare performedon a lattice

similar to that of the FermilabBooster, which consistsof
#N�(;
 superperiodFODO-cells. The betatronfunctions
are < ��� � ��
������� � m and )�� ����;O�P� 
 m, respectively, at the
centersof the F- andD-magnetsets. Four-by-four trans-
fer matricesareemployedfor eachhalf period. Thetrans-
versedistributionis assumedto bebi-Gaussianall thetime.
Althoughnot self-consistent,theassumptionsimplifiesthe
space-chargeforceandspeedsup the simulationstremen-
dously. At the endof eachturn, the transverserms beam
radii QR��� � andthepositionof thebeamcenterarecomputed,
andthermsemittancesareinferred.Theseinformationsare
usedto determinethe space-charge force to be appliedat
eachF- andD-magnetsetin thesucceedingturn. Thispro-
ceduresmoothesoutthecomputationalnoisein oneturn,so
that the numberof macro-particlesin thesimulation,usu-
ally 2000,neednot betoo large.

Since the emittanceusually grows much fasterthan a
synchrotronoscillation,theperformanceof only 2D simu-
lation for asliceof thebeamat thelongitudinalbunchcen-
ter is justified.For abeamwith peaklinearparticledensitySUT

, thetransverse2D space-chargepotentialis

V�WYX 1[Z]\�^�9_�
`"WaX
;

b
c

d�eUf / ��g
=�h g iYj>k /

�&g
=lh g mnj>k /0�

1�;�Q =� �poq9a1r;�Q =� �poq9
s o�\

where
` WYX �t; S Tnu c �R1�<>=�vOEU9 is thespace-chargeperveance,

with
u c beingtheparticleclassicalradiusand < and v the

relativistic parameters.Eachbeamparticlepassingthrough
a magnetsetexperiencesahorizontalspace-chargekick
, ZOwx�6/

y VUWaX
y Z

z �
`tWYX Z z

QR��1:QR�{�tQR��9 d�eUf / ZO=D�t^q=
1:QU�|�tQU��9 = \

anda similar verticalkick, where
z ��}�8~�# . Hereanef-

fectivespace-chargeforceis choseninstead,becausedirect
derivative of theabove analyticexpressionis cumbersome
as an apparentsingularity is presentwhenever QU�+��QU� .
This effective space-charge force reproducesexactly the
linear andquadrupolepartsin the round-beamgeometry,
androlls off farawayfrom thebeamcenter. Unfortunately,
this effective force is not derivablefrom a potential. For
this reasonresonancesthat involve themixing of thehori-
zontalandverticalphasespacesarenotaddressedhere.
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SYSTEMATIC 6TH-ORDER RESONANCE
The
�

beamis injectedfirst for �B�� turnsat ;��4�B�D�&� protons
per turn into 84 consecutive bucketswith bunchingfactor� ����� ;� andinitial equaltransversenormalizedrmsemit-
tances�n� � �r�_� �.��� ���]} mm-mr. The kinetic energy is kept
constantat � GeV, while thebetatronbaretunesinitially at
� � c � � c �7
�� ;����
�� �� areallowedto rampaccordingto some
specificrate. Theemittancesat theendarecomputedand
aredividedby the initial to arrive at the emittancegrowth
factors (EGFs). In order to minimize all other influence
to the space-chargedrivensystematicresonances,random
field errorsandnonlinearfields in the magnetsareturned
off. Momentumwidth considerationis alsoexcluded.

The terms in the space-charge potential, responsi-
ble for the 6th-order resonancescan be expressedin
terms of action-anglevariables 1Y����� ��\Y����� �9 : 8 V WYX��
/ ����%���� c � %�� E�	���� 1�)����F/ z� �_�]� c � 9��+%�� c � � %�� E�	����� 1r)P�	�/z� ��� c � � 9>�������a��\ where

z
is aninteger, %��¡ £¢ � % and �¤ £¢ �

aretheamplitudeandphaseof theresonancestrength.For
simulation with equal horizontal and vertical emittances
to start with, the space-charge contribution to the reso-
nancestrengthcanbe factoredout leaving behindthe lat-
tice dependentdimensionlessreducedresonancestrength¥  £¢ � �¦
��  @¢ � �nE�r�_� �8 , with �n�r�_� beingthe unnormalized
rms emittance. Here,

` WYX 8~�R1�
��n�r�_�B9 is just the linear
Laslettspace-chargetuneshift for a round-beamgeometry.

Figure 2 shows a sampletrackingwith 100-turninjec-
tion andtune-ramprate /£��� ���
 perturn. Thespace-charge
tune shifts after injection are

, � WYX � �U� �.�§��� ���������� ;��� .
The systematicresonances)���� c � � c ��# ( #(�';
 , the lat-
tice periodicity) arecrossedat turns950 and825, respec-
tively, with reducedresonancestrengths% ¥ � cl¨ %���% ¥ � cl¨ %|�
��� ���)O��������� ���
)� . Both the horizontalandvertical emit-
tancesstart to grow -©����� turns earlier. The beamsize
increasesandthespace-chargetuneshiftsarereduced.The
right plotsshow theparticledistributionin thevertical(bot-
tom) andhorizontal(top) phasespacesat turn 900. Six is-
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Figure2: (Color) Top-left: After 100-turninjection,baretunes
are rampeddownwards at ·>¸�¹ ¸q¸qº per turn. Systematicreso-
nances»x¼�½l¾&¿ Àa¾UÁÃÂ arecrossedatturns950and825,respectively.
Bottom-left: Emittancegrowthsareobserved. Right: Horizontal
andverticalphase-spacedistributionsat turn900.
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Figure3: (Color) Emittancegrowth factoracrossthe 6th-order
systematicresonance»x¼ ½l¾ ÁpÂ versustune-rampratefor various
resonancestrengthsÊ ËRÌ ¾aÍ Ê at 100-turninjection.

landsareclearly seenin the bottomplot slightly aheadof
turn 950 when )���� c �$# is crossed,andparticlespushed
outwardsforminganoutsidering encirclingtheinsidecore
areseenin top plot just aftercrossing)���� c ��# .

The simulationsare repeatedwith tune-ramprate in-
creasinggraduallyfrom / s ��� c � � c � s  Î�Î��� ����
 to 0.001.
For eachtune-ramprate, the resonancestrengthsarealso
variedby assigningdifferentvaluesof betatronfunctions
at the space-charge kicks. The resultsfor 100-turninjec-
tion with EGFversustune-rampratearedepictedin Fig. 3
aslog-logplots.WhentheEGFis slightly largerthanunity,
linear relationsareevident, implying a scalingpower lawÏÃÐ@Ñ �Ò1a/ s ��� s  @9 C�Ó , where Ô��Õ��� ��� to 0.23 depend-
ing on the resonancestrengthand the space-charge tune
shift. Thecritical tune-ramprateis obtainedwhenthis lin-
earrelationshipis extendedto intercepttheramprateaxis
at
ÏÃÐ@Ñ �N� . We note that at the critical tune-ramprate,ÏÃÐ@Ñ"Ö �P� ; . If this EGFis tolerable,thecritical tune-ramp

ratebecomestherequiredminimumrateto crossthereso-
nance. The critical tune-ramprate is now plottedagainst
the resonancestrengthin Fig. 4 for both resonancesat
)���� c � � c �.# . Theseplotsprovide a guidefor thedesignof
FFAGsin orderto avoid excessiveemittancegrowthswhen
systematic6th-orderresonancesarecrossed.Thelinearfits
neednot bein contradictionto similar plots in Ref. [4] for
crossingthe systematic4th-orderresonance,becausethe
resonancestrengthsstudiedhereare lessthan 1/6 of the
maximum4th-orderstrengthsthere.
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Figure4: (Color) Critical tune-ramprateacrossthe systematic
6th-orderresonancesversusreducedresonancestrengthÊ Ë�Ì ¾aÍ Ê orÊ Ë¾ Ì Í>Ê for variouslinearspace-charge tuneshiftsor bunchinten-
sities.Dashedandsolid linesarelinearfits to thedata.

4TH-ORDER PARAMETRIC RESONANCE
Octupoles,presenteitherasfield errorsor astune-spread

providerto Landaudampunwantedtransverseinstabilities,
breakthelatticeperiodicity. To mimic theeffects,a single
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octupoleis addedat theD-magnetof thelastperiodof the
ring;Ú thusonly theresonance
���� c � z will bestudiedhere.

The potential of the octupole field is
VRÛ 1[Z]\�^�9Ü�

/0Ý{Þ Þ ÞÛPß
Ý>à Z

Û
/�)�ZD=�^q= \ where

��á
is the beamrigidity. The

termsresponsiblefor the 4th-orderresonancecan be ex-
pressedas 8 VRÛ � / ����%�� Û c � %��O=� ���� 1r
P�	�_/ z� �2� Û c � 9_�%�� c Û � %��O=������ 1�
P�	�{/ z� �"� c Û � 9��Î�����Y�â\ where %��  £¢ � % and
�  £¢ � are the amplitude and phase of the resonance
strength,which canbemadedimensionlessby introducing¥  £¢ � ���  £¢ � �n�r�_�l� Acrossa thin octupoleof length

z
, the

changesin horizontalandverticaldivergencesaregivenby, Z w � ��Dã Û 1[ZDEä/å�PZ]^�=�9 and
, ^ w � ��Dã Û 1Y^�E4/å�PZD=�^U9 , where

ã Û � � Þ Þ Þ z � �æá is theoctupolestrength.For a � -GeVbeam,

ã Û �"���ç C�E correspondsto anoctupolewith pole-tipfield
of ��� ���� T at radius� cm andlength

z �'� m.
Figure5 shows a sampletrackingwith 70-turninjection

of 
��¡���D�&� eachatbunchingfactor
� �"��� ;�� andbaretunes

� � c � � c �p)�� �����)�� ��� , which arethenrampeddownwardsat
��� ������ perturn. Theleft plotsshow boththebare(dashes)
and space-charge depressed(thick dots) tunes, and the
emittanceevolution at theoctupolestrengthã Û �G;� m CFE .
Vertical emittancegrows near the 
���� c �è;Dé resonance
at turn 300, which is verified by the vertical phasespace
plot at turn 270(top-right).We alsoseethesumresonance
;���� c �7;���� c ��;Dé at turn 450 and half-integer resonance
;���� c �ê��� at turn 800; the latter is verified by the verti-
cal phasespaceplot at turn 780(bottom-right).Next come
anothersumresonance;�� � c �¤;�� � c �";�) at turn950andan-
otherhalf-integerresonance;�� � c �'��� at turn1100.Unlike
thesystematicresonancesstudiedabove,exceptfor theone
at 
�� � c �6;Dé , therehasbeenseverebeamlosswhencross-
ing all other resonances.This explainswhy the octupole
strengthhasbeenverymuchlimited in this study.

The EGF crossingthe resonance
��q� c �ë;Dé is com-
putedfor variousrangesof thethreeparameters:resonance
strength,tune-ramprate,andspace-charge tuneshifts. A
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Figure5: (Color) After 70-turn injection of º�ú�ûY¸�ü:ü per turn,
baretunesare rampeddownwardsat 0.0005per turn (top-left).
Emittancegrowths areseen(bottom-left)while crossingvarious
parametricresonances,usuallyaccompaniedby beamloss.Right:
verticalphase-spacedistributionsat turns270(top)and780(bot-
tom), demonstratingthe crossingof º�¼�ÀY¾@Á©ýqþ and ýq¼�ÀY¾£Á(ûqÿ .
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Figure6: (Color) EGFacrossoctupoledrivenresonanceº�¼ ½l¾ Áý�þ versustune-rampratefor variousoctupolestrengthsafter70-
turn injection.Linearrelationshipsareevident.

sampleresult is shown as log-log plots in Fig. 6. Here,
power scalinglawsareagainevidentwith thepower index
Ô varyingfrom /£��� �� to /£��� )� , notby somuchasthe6th-
ordersystematicresonance.Theselinear relationshipsare
extendedto interceptthe / s �q��� s  -axisto arriveatthecrit-
ical tune-ramprates.In generalat thesecritical tune-ramp
rates,EFGis

Ö ��� � . Theresultsareshown in Fig 7, which
providessomeguidelinesfor thedesignof FFAGs. Again
linearfits arepossiblewithin theerrorbars.
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Figure 7: (Color) Critical tune-ramprate acrossthe octupole
driven resonanceºF¼ Àa¾ Á ýqþ versusreducedresonancestrengthÊ Ë ¾��
	 Ê for variousbunchintensities.

CONCLUSIONS
Power scalinglaws areobtainedbetweenthe EGF and

tune-ramprate for crossingthe space-charge driven sys-
tematic6th-orderresonances)��q� c � � c �Õ# as well as the
octupoledriven parametric4th-orderresonance
���� c � z .
Whentheresonancestrengthsaregiven,they canserve as
an estimateto the minimum rate of crossingthesereso-
nancesin orderthattheEGFremainstolerable.

Theeffectivespace-chargeforceemployedin this inves-
tigation is not derivablefrom a potential. This limits our
study concerningthe crossingof sum resonanceswhere
bothtransversespacesarecoupled.Wearecurrentlywork-
ing on a betterapproximationof thespace-chargeforce.
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